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Higher-order Probabilistic Programming

Higher-order languages extended with:

@ Discrete randomized algorithms (e.g. randomized sorting);
@ continuous probability distributions (e.g. to model physical

systems);

@ Bayesian reasoning (e.g. machine learning algorithms.)

MePCFs i= x | MM | (MN) | (YN)
| itz (M,N,L) | let(x,M,N)
| MoN | n| succ(M) | pred(M) neN
| sample | r | f  reR,f:R— Rmesureable

| score | normalize

The Discrete Models of
PCSs

Probabilistic Coherence

Spaces

Proving operational
properties on programs
denotationnally
The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Probabilistic Stabilty
Adding measurability
constraints



Examples

Discrete randomized programs

M | 2 discrete sub-distribution 2 : { normal forms} — [0, 1].

The Discrete Models of
PCSs

M=0a1 M| %{91} + 15{1 !

Proving operational
properties on programs
denotationnally.

1
N= Y(AXN - N)\-yN(y ® X(SUCC(y))))Q N ‘l” Z on+1 {Q1} The Continuous Stable

neN Model

Construction of the
Continuous Model: An
Overview

Probabilistic Stability

Adding measurability

Program sampling from a continuous distribution

M | 2 continuous sub-distribution 2 € X{nomalforms } — [0, 1].
@ (Ax.sample + x)1 | pu1 2
with 14 o) Lebesgue Measure on [1,2];

@ Exponential Distribution: M := let(x, sample, —log(x))

y
MJ,(E»—>/Ee_X) gx

Density Function



Two stable Models of Higher-Order Probabilistic
Computations

PEF [ probabilistic
. coherence spaces
discrete fully

probabilities  gpstract

measurable
PCF complete cones

+ [l measurable sta-

ble functions
probabilities (Ehrhard, Pagani,

Tasson 2018)

(Danos, Ehrhard 2011)
built as a model of LL
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Two stable Models of Higher-Order Probabilistic
Computations

PEF 1 probabilistic
discrete il coherence spaces
ully
probabilities  apstract | (Danos, Ehrhard 2011)
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Fm !
full and faithful !
respects CCC '
structure :
' measurable
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Outline

@ The Discrete Models of PCSs
@ Probabilistic Coherence Spaces
@ Proving operational properties on programs denotationnally.

@ The Continuous Stable Model
@ Construction of the Continuous Model: An Overview
@ Probabilistic Stability
@ Adding measurability constraints.
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PCoh: A Linear Logic model for discrete probabilistic
computations (Danos, Ehrhard 2011).
Probabilistic coherence spaces (PCS)
pair (|A|,P (A)) where:
@ | A|: countable web;
@ P(A) C R!: quantitative cliques.

Orthogonality Relation
@ Foru,v e R, Bi-Orthogonality
(U, V)= 3 ac ) a) Ua Ve Condition on PCSs

o At ={ueRM |vve A=A+
P(A), (u,v)< 1}

Example ( Booleans)

£ |Bool| = {t, £}
P(Bool) ={(p,q); p+q <1} =
{(1,0), (0, )3+

P (Bool) \ +

= sub-probability distributions on booleans.
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Linear Morphisms in PCoh

Morphisms of PCS

PCoh(A, B): matrices ¢ € RI4! x |B|
= linear functions R — RIB!,

such that:
Vx € P(A),¢p(x) € P(B).

Example (Bool — Bool)

|Bool — Bool| = |Bool| x |Bool|.
P(Bool — Bool) = {u | Uer + U s <TAUse + Us e < 1}

0.6

= Markov transitions.

0.4
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PCoh Exponential Modality

The Discrete Models of
PCSs

Exponential Comonad

Proving operational

properties on programs
denotationnally.
@ web: [lA] = M;(JA|) Promotion of x: The Continuous Stable
Model
o cliques: x! € RMAAD; s
P(IA) ={x'| xeP(A)}** Xay,....an = [1i Xa;-

Probabilistic Stability

Adding measurability
constraints.

Theorem (C., Ehrhard, Pagani, Tasson)

PCoh is a Lafont model of Linear Logic
i.e. VA PCS, |A is the free commutative comonoid generated by A.



PCoh, morphisms

Functional meaning for f € RM(IADxIBI:

T:P(A) = (RU+o0)?

X fox
Lemma

f € PCoh,(A, B) iff f preserves cliques.

Structure of Functional Interpretations for PCoh (A, B)
Power series from P (A) to P (B) with:

@ non-negative coefficients;

@ a countable number of variables.
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PCoh, morphisms

Functional meaning for f € RM(IADxIBI:

T:P(A) = P(B)

X fox
Lemma

f € PCoh,(A, B) iff f preserves cliques.

Structure of Functional Interpretations for PCoh (A, B)
Power series from P (A) to P (B) with:
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@ a countable number of variables.

The Discrete Models of
PCSs

Proving operational
properties on programs
denotationnally.

The Continuous Stable
Model
Construction of the

Continuous Model: An
Overview

Probabilistic Stability

Adding measurability
constraints.

10/39



Raphaélle Crubillé

The Discrete Models of
PCSs

. Probabilistic Coherence
@ The Discrete Models of PCSs ’

Spaces

@ Proving operational properties on programs denotationnally. e
e Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Probabilistic Stability

Adding measurability
constraints.

11/39



PCoh, as model of PCF.

Example (M : Bool — 1)

The Discrete Models of
PCSs
Probabilisti

pabilistic Coherence
Spaces
M = let b = true & false in

fix (Af.Ax. if x = bthen x else fx).
The program M:

The Continuous Stable
Model

@ chooses randomly a boolean;

the
s Model: An

Probabilistic Stability
Adding measurability
@ calls its argument until the result coincides with the boolean consians
chosen.

[M] :P (Bool) —>P( ) = [o 1]

1 n—1
(X, Xt) E Xt+§ E Xe - Xg
n>1 n>1
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Equivalence on Programs

Definition (Context Equivalence)
M = N when: V context C, Obs(C[M]) = Obs(C[N]).

In a probabilistic setting, Obs() can be:
@ the probability of termination of a program;
@ the probability of returning 0 (for ground types program) ... Model

Theorem

@ PCoh,: full abstraction for CBN probabilistic PCF. [EPT
POPL2014] i.e.:
M =N < [M] = [N].

@ PCoh': full abstraction for a probabilistic version of Levy’s CBPV
[ET’2016].

Crucial component in the proof:
A power series is entirely characterized by its coefficients.
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Toward a quantitative generalization of context
equivalence(1)

The Discrete Models of

PCSs
From there: e
Spaces
@ Can we also express quantitative properties in the model ?
° Whgt |k,|,nd of quantitative operational properties do we want to e oo S
moael Model

C jon of the
C s Model: An

Context Distance

Probabilistic Stability

Adding measurability
A quantitative generalization of Context Equivalence: consns

S (M,N)Y = sup [C[M] - C[N]|.

C a context

Problem with Context Distance:

Contexts may be too powerful
i.e. amplify too much the distance between programs.
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Toward a quantitative generalization of context
equivalence(2)

Example (Two very similar programs at context distance 1)
M = true
N. = true & false with e < 1

We can show that Ve > 0: 6°*(M, N.) = 1.

Proof.

We can construct a sequence of amplification contexts C, such that:
Obs(Cp[true]) = 1 Obs(Cp[true @ false]) = (1 — ¢)"

Cnh = (Ax.if (x A...AX) then/else Q)[].
————

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

The Continuous Stable
Model
Construction of the

Continuous Model: An
Overview

easural
constraints.
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Toward a quantitative generalization of context
equivalence(3)

Proposition (C., Dal Lago 2017)
In a probabilistic A-calculus where programs almost surely
terminate, all programs are at distance either 0 or 1.
Remark

@ PCFg has non-deterministic programs,

@ but context distance may nonetheless be a too strong notion.

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

The Continuous Stable
Model

jon of the
s Model: An

Probabilistic Stability

Adding measurability
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Tamed Context Distances

Idea

Each time a context uses its argument, it must pay a price in its
contribution to context distance.

Definition (Tamed context distances (Ehrhard 2019))
For p a dyadic number in [0, 1]:
S (M,N) = sup [C[Qa@" M]—cC[QaP N]|.

C a context

Theorem (Metric Adequacy of PCSs (Ehrhard 2019))
55 (M, N) < <773 ([[M]] IND)

where:
@ d is defined using the norm in PCoh;
X[l s = SUPyear (X, ¥)-

@ Foreveryt e P(A), t' represents the derivative of t (seen as a

power series).

The Discrete Models of
PCSs
Probabilistic Coherence
Spaces

The Continuous Stable
Model

Construction of the

Model: An
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9 The Continuous Stable Model
@ Construction of the Continuous Model: An Overview

Raphaélle Crubillé
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Question:

Can we generalize this fully-abstract model of discrete probabilistic
PCF to continuous probabilistic PCF ?

Problem

Distribution on a continuous data-type (e.g. R) cannot be seen as
vectors over a web.

=-Does not allow to model continuous computations.

Stable semantics
A generalization of PCSs to a continuous setting.

The Discrete Models of

The Continuous Stable
Model

Probabilistic

Adding

constraints.
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Kozen’s semantics of First-Order Language with Continuous
Probabilities

Kozen’s Language
A first-order while language with a random number generator.

Kozen’s semantics

@ Possible configurations of the memory: Measurable Spaces;
equipped with a cone structure to manage recursion.

@ Program interpretation: Stochastic Kernels between
measurable spaces.

Stochastic Kernels

(X, Xx), (Y, Xy) two measurable spaces k : X x Xy — [0, 1] such
that:

@ VBe Xy, (x € X— Kk(x,B)) is X- measurable.
@ Vx € X, (B € Xy — k(x, B)) is a probability measure on Y.

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

The Continuous Stable
Model
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Semantics for Probabilistic Higher-Order Languages

Fact
Neither Kern nor Meas are cartesian closed categories.

The Discrete Models of
PCSs
Prol

Staton et al's Quasi Borel spaces

Idea: considering a cartesian closed category of presheaves
embeddlng Meas ;F“‘rzj(‘)‘mmmuous Stable
= Replace measurable spaces with space of the form (X, V(X)), iy
where:

@ X is any set

@ V C (R— X)is aset of random variables.

The measurability constraints on the space are replaced by
constraints on the set of random variables.

Example (Quasi-Borel spaces)

A continuous data-type: A discrete data-type:
The n-uples of reals The booleans
(R, {f:R—R"| ({0,1},{f: R — {0,1} |

f measurable}) f characteristic function of Borel set})

21/39



Construction of the Continuous Stable Model[Ehrhard,
Pagani, Tasson]

Two steps:

@ Cstab: The category of complete cones and stable functions on
cones;
= Generalizing PCS to spaces without an underlying countable
web

@ Cstabm: The category obtained from Cstab by adding
measurability constraints
= using random variables in a similar way as in Staton et al's
QBS.

The CCC Forget

Cstab

The CCC
Cstabn,

interpretation of
PCFsampIe

The Discrete Models of
PCSs

Probabil
Spaces

Coherence

The Continuous Stable
Model
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From PCSs to complete cones

Definition (Order on a PCS)
A=(]A],P(A))aPCS, x,y € P(A):

x<ay when Vac|A|,Xa< ya.

Properties of the order <4
@ P(A)is an w-cpo;
= allows to interpret fixpoints of programs.

@ Vx,y € P(A): (x<ay < 3FzeP(A),y=x+2z)
= it gives a cone structure to P (A).
lllustration on function space
f,g € PCoh(A, B) such that f <45 g.
0 f< g coefficient-wise;

°7— g is still a power series with non-negative coefficients.

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Adding measurability
constraints
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The CCC Cstab,,, [EPT(2018)] :(1)- Cones

Definition (Cones)

C: R-semimodule, || - ||, : C — R with equational constraints on

- e
(x+y=x+y)=y=y
Ix+XNlc < lxllc+ 1X1l¢
Ixlle < lIx+x'[l¢

Definitions:
@ Closed Unit Ball #C;
BC == {x|lIxllc <1}
@ partial order <.
X=<cy:=3zeC,y=x+2z

o If x <¢ y, X —y isthe unique
elementzof Cst. x+z=y.

Additional Requirement:
Order-Completeness of the Unit Ball

loxllg = oflxll
Ixllg=0=x=0

The Discrete Models of
PCSs
Probabilistic Coherence
Spaces
Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

jon of the
s Model: An

Adding measurability
constraints
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The CCC Cstab [EPT(2018)] :(2)

Example (Some Complete Cones)
°1=(R,[[)

Non-negative cone of Lebesgues spaces:
Lf(R") CR" — R4
]l = [eegn f - dx < o0

Meas(X): finite measures over a measurable space X,
”NHMeas(X) = p(X).
[R] = Meas(R)

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Adding measurability
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Building a CCC from cones ?

Morphisms in Cstab: First Idea
Scott-Continuous Functions f : ZC — %D.

However (Ehrhard Pagani Tasson)

It does not give a CCC
= We need stronger requirements on morphisms.

Example (Parallel Or)

or :#A1 x 1 — #1 curr (or) :Z1 — (#1 — A1)
X,y —=X+y—xy X=(y—=x+y—xy)
@ or is Scott-continuous =- it should be a morphism

@ For the category to be CCC, it will require curr (or) also a
morphism.

It cannot be so: curr (or) is not non-decreasing.

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational

properties on programs
denotationnally

The Continuous Stable
Model

C
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Overview
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Building a CCC from cones ?

Morphisms in Cstab: First Idea
Scott-Continuous Functions f : ZC — %D.

since
" curr (or) (0) A151 curr (or)(1):

Proof: 10rphisms.
: curr (or) (0) = (y = y)

curr (or)(1)=(y — 1)
r) :B1 — (81— B1)
curr (or) (1)—curr (or) (0) =1—y X= (Y= X+y—xy)

not non-decreasing = not in 1 — 1. ‘@ morphism

@ For the category to be CCC, it will 1 >auire curr (or) also a
morphism.
It cannot be so: curr (or) is not non-decreasing.

The Discrete Models of
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Probabi
Spaces

Proving opei
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The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational

properties on programs
denotationnally

The Continuous Stable
Model

C

jon of the
uous Model: An
Overview

Co

Adding measurability
constraints

27/39



Girard-Berry Stability

Coherent space
X = (IX],CI(X)):

@ The elements of CI(X) are subset of | X|, that moreover are
cliques of an underlying graph.

o The e|ementS Of Cl(x) are ordered by |nC|US|On The Continuous Stable

Model

The Discrete Models of

Definition (Stable function)
X, Y coherent spaces. f : CI(X) — CI(Y) is stable when:
@ fis not decreasing and Scott-continuous
@ Stability condition: if x U y € CI(X), then f(x N y) = f(x) N f(y).

Facts
@ The interpretation of parallel or is not stable;

@ A function CI(X) — CI(Y) is stable if and only if Tr(f) is a
morphism in Cohi(X, Y).

28/39



A reformulation of Girard-Berry’s stability [Ehrhard, Pagani,
Tasson]

Definition (Local coherent space)

X a coherent space, u € CI(X). Xu: the local PCS at u:
° [Xu| ={ae|X||{a} ox u}
@ xcx, ywhenx cx y.

Proposition (Caracterisation of stable functions)
f:P(X) — P(Y) is stable if and only if:

Yu € CI(X), Afy, is non-decreasing,
where Af, is the local difference of f at u:

Afy :CI(E,) — CIF)
v f(uuv) —f(v).

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Adding measurability
constraints
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Pre-Stable Functions

Definition (n-pre-stable functions for n € N)

Raphaélle Crubillé
f : ‘%C - %D Wlth: The Discrete Models of
e n=0:fis non-decreaSing Ppcvijbmsnccahemnce
. Spaces
@ n>0:VYue %C, Afjyis(n—1) Provng cporstona
pre-stable.

properties on programs
denotationnally.

The Continuous Stable
Model

Construction of the

Af(X; U) Continuous Model: An

Overview

Notations:
@ Local Cone at u.
@ Local Differences.

f non-decreasinguig messuaiiy

constraints.

Afjy 1 x € BCy — Af(x; )
Example (3-pre-stability)
o f(x) =p f(x+ u);
® f(x+un)+f(x+w) =p f(x+ur+ ) + f(x);

@ f(x+u+w)+f(x+u +us)+ f(x+ u+ us) + f(x) <p
f(X 4+ Ut + Uz + us) + (X + 1) + f(X + o) + f(Xx + u3).
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The CCC Cstab.

Example (oo pre-stable functions)
@ linear functions;

@ every class of functions preserved by f — Af,:
eg.inR" - R:

@ polynomials with non-negative coefficients
@ power series with non-negative coefficients

Definition (Probabilistic Stable functions ZC — #D)
@ Scott-continuous.

@ oo pre-stable

Definition (The CCC Cstab)
@ Objects : complete cones
@ Morphisms: stable functions.

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Adding measurability
constraints
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The CCC Cstab.

Example (oo pre-stable functions)
@ linear functions;

@ every class of functions preserved by f — Af,:
eg.inR" - R:

@ polynomials with non-negative coefficients
@ power series with non-negative coefficients

Definition (Probabilistic Stable functions ZC — #D)
@ Scott-continuous.
excludes the Scott-continuous function
@ oo pre-stable = )
denoting the parallel or
Definition (The CCC Cstab)

@ Objects : complete cones
@ Morphisms: stable functions.

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

Construction of the
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Overview
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Connection between PCoh, and Cstab.

Theorem (C 2018)
There exists a functor F : PCoh, — Cstabn:
@ which is full and faithful
@ and respects the cartesian closed structure.

Proof sketch

Adding measurability

@ Every PCS can be seen as a complete cone; consicanis

@ Stable functions on PCSs coincide with power series with
non-negative coefficients:

@ uses a result due to McMillan on absolutely monotonous functions
on partitions systems

o from a stable function, build generalized derivatives that allows to
recover the power series coefficients.
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Why do we need additional constraints on stable functions ?

Goal:
Sampile first, then do a computation.

Example
M:=letx=LinN.
@ x:REN:R = [N]:Meas(R) — Meas(R).
e+FL:R = [L]:Meas(R)
We would like the interpretation of M to be:
[M] € [R] = Meas(R)
=Ueip— /f.d[[L}]
where f: r € R — [N](dr)(U) € R.

= We need to add constraints to guarantee that this integral makes
sense

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Probabilistic Stability
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Measurable Cones

Definition (Mesureable cone)

C equipped of a family of random variables Paths"(C) C R” — C,
such that:

@ For every v € Paths”(C), v(R") is bounded in C;
@ Vv € Paths”(C), f : R™ — R" measurable, v o f € Paths”(C);
@ Vxe C,neN, (FeR"— x) € Paths"(C).

Example (The Cone Meas(X) of Bounded Measures on X)
Unitary measurable paths: Stochastic Kernels from R into the

measurable space X.

Definition (Measurable Functions f : 2C — D.)

Y~ € Paths”(C) with v(R") C %4C, i.e. it preserves measurable

fo~ € Paths"(D). paths.

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally

The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Probabilistic Stability
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Stable Semantics

The Discrete Models of
PCSs
Probabilistic Coherence

Spaces

Proving operational
The Cstab,, category ey

The Continuous Stable
@ Objects: Measurable Cones Viode!

Construction of the
@ Morphisms: stable measurable functions Z2C — £D.

Continuous Model: An
Overview

Probabilistic Stability

Theorem

Ehrhard, Pagani, Tasson Cstabn, is an adequate model of PCFsampie.
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Cstab,, is a conservative extension of PCoh,.

PCF

+ I Forget

probabilities

T
\ Fm
PCF |
+ [l
discrete
probabilities

Theorem (C 2018)

We can extend F into a functor F,, : PCoh, — Cstab, that
@ is full and faithful,

@ preserves the cartesian closed structure.

Raphaélle Crubillé

The Discrete Models of
PCSs

Probabilistic Coherence
Spaces

Proving operational
properties on programs
denotationnally.

The Continuous Stable
Model

Construction of the
Continuous Model: An
Overview

Probabilistic Stability
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Conclusion

The Discrete Models of

Probabilistic coherence space models o
@ full abstraction results

@ Express quantitative property on programs (Ehrhard tamed
distance)

@ genericity of its exponential structure (i.e. it is a Lafont model)

Stable continuous model
A generalization of PCSs where coexist:

@ Wild data structures (e.g. bounded measures over any
measurable set)

@ Very regular morphisms (that can be understood using our result
as generalization of analytic functions).
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